In the present work we explain the hour-glass magnetic dispersion in underdoped cuprates. The dispersion arises due to an interplay of the Lifshitz-type magnetic criticality and superconductivity. We provide a unified picture of the evolution of magnetic excitations in various cuprate families, including "hour-glass" and "wine glass" dispersions and emergent static incommensurate order. Besides explaining existing data on magnetic dispersion we propose a neutron scattering experiment that can directly test the developed theory.
Introduction. The "hour-glass" (HG) dispersion, observed in inelastic neutron scattering, is a generic property of hole doped high temperature cuprate superconductors [1] [2] [3] [4] [5] , for a review see Ref. [6] . The dispersion is a major effect related to superconductivity (SC). The HG dispersion consists of the upper and the lower branches, the (π, π) "spin resonance" separates the two branches. In strongly underdoped compounds the lower branch propagates down to zero energy resulting in an emergent static incommensurate magnetic order [7, 8] . Another observation is the "wine-glass" dispersion instead of the HG dispersion in underdoped HgBa 2 CuO 4+δ [9] . While there is a general feeling that the upper part of the HG is related to localised spins and the lower part is somehow related to itinerant holes [6, 10] , there is no understanding of the mechanism of this phenomenon in spite of two decades of efforts.
Early theoretical models of the magnetic dispersion and the (π, π) resonance were based on the normal Fermi liquid picture with a large Fermi surface. The resonance was explained as a spin exciton below the particle-hole continuum in the d-wave SC phase [11] [12] [13] . However, it is clear now that this model is not consistent with data. (i) It does not explain the upper branch of the dispersion, (ii) it does not explain why the "resonance" survives in the normal, non-SC, state, (at T > T c the resonance is just broadened), and (iii) it does not explain why the lower branch of the dispersion shrinks when the doping x is reduced, x → 0. A later attempt [14] to artificially introduce localised spins in the normal Fermi liquid model partially explains the point (i). However, the point (ii) remains problematic, and the point (iii) is unresolved.
The alternative theoretical approach is based on the picture of doped Mott insulator. This implies a small Fermi surface with an area proportional to doping. Semiclassically, without account of spin quantum fluctuations, this also implies that the localised spins are ordered in a static spin spiral [15] . This naturally explains the observed incommensurability of the magnetic response. However, (i) experimentally the static spin ordering exists only at a very low doping, x ∼ 5%, and even here the static component of spin is very small to justify the semiclassical approximation, (ii) the magnetic dispersion calculated in the static spin spiral state [16] , while resembling data, is significantly different from what is actually observed.
In the present work we pursue the approach of a doped Mott insulator. Our analysis is based on the recent progress in understanding of the spin liquid (SL) state [17] . While the intuitive idea of SL in cuprates is not new and it goes back to RVB, see e.g. Ref. [18] , in our work [17] we conclude that SL in cuprates is very different from models suggested before. It is the quantum critical Ioffe-Larkin type SL ("Lifshitz SL") intrinsically related to the Lifshitz point separating the Neel and the spin-spiral state [19] . There is a dimensionless parameter λ that controls magnetic criticality. Zero temperature λ − x phase diagram from Ref. [17] is presented in Fig.1a .
In the present work we show that the HG dispersion is a combined effect of the Lifshitz magnetic criticality and superconductivity. Different compounds can have different kinds of HG depending on the location in the phase diagram as indicated in Fig.1a . Due to the magnetic criticality a small variaton of λ results in a noticeable change of the magnetic dispersion. We provide a unified picture of the evolution of magnetic excitations in various cuprate families, including "hour-glass" and "wine glass" dispersions and emergent static incommensurate order. In our theory the (π, π) resonance is unrelated to SC. The resonance is a manifestation of the SL gap. The gap is plotted versus doping in Fig.1b .
Theory. The analysis is based on the Shraiman-Siggialike effective action for a doped antiferromgnet (AF) [16] 
where n is the O(3) vector ( n 2 = 1) that describes the staggered magnetization, and the spinor ψ α describes spinless holons. This approach necessarily requires introduction of checkerboard sublattices, independent whether there is a long range AF order or the order does not exist. The checkerboard is a way to avoid double counting of quantum states in the situation when spin and charge are separated. A holon does not carry spin, but it can be located at one of the sublattices and this is described by the pseudospin 1/2. The Pauli matrix σ corresponds to the pseudospin. Due to the checkerboard the Brillouin zone coincides with magnetic Brillouin zone (MBZ) even without long range AF order. Therefore there are four half-pockets or two full pockets near k 0 = (π/2, ±π/2). The index α = 1, 2 in ψ α enumerates pockets where the holon is located. The momentum p = −i∇ describes the deviation from the centre of the corresponding pocket p = k − k 0 . The gauge invariance implies that all the momenta are covariant,
The unit vector e α = 1/ √ 2(1, ±1) is orthogonal to the face of the MBZ where the holon is located. The holon dispersion can be well approximated [20] as
where β 1,2 are inverse effective masses which determine the ellipticity of the holon Fermi pockets. The effective Lagrangian (1) depends on five constants, χ ⊥ , ρ s , g, β 1 , β 1 . The average holon effective mass is m * = 1/ √ β 1 β 2 . The magnetic criticality parameter reads
As in any quantum field theory the constants depend on the normalization point. Here we use the ultraviolet cutoff as the normalization point. The cutoff is Λ = 1.2/a ,where a is the lattice spacing of the CuO 2 plane, a = 3.8Å [17] . The field theory (1) is the low energy limit (ω 150meV ) of the extended t − J model. Hence the constants can be expressed in terms of the antiferromagnetic exchange, J ≈ 125meV [16] . At a very low doping the constants are
. These values results in λ ≈ 1.25. For the doping dependence we can say that χ ⊥ , β 1,2 are practically doping independent and ρ s ≈ J/4(1 − 4x) [17] . Unfortunately we are not aware of a reliable method to calculate doping dependence of the coupling constant g. Moreover, such a calculation does not make sense. Sensitivity to the magnetic criticality parameter λ, Eq. (3), is very strong, even an uncertainty of 10% qualitatively influences physical results. Therefore, below we use λ as a tuning parameter in the range 0.8 < λ < 1.3 to describe data. In our calculations we take the Fermi pocket "ellipticity" β 1 /β 2 = 3, results for β 1 /β 2 = 2 are quite similar.
The magnetic Green's function in the SL phase reads [17] 
Here ∆ is the SL gap and Π(ω, q) is the magnon polarization operator, indexes i, j = x, y, z. The magnon speed is
, where c 0 ≈ √ 2J is the speed in the undoped compound. The magnetic spectral function is S(ω, q) = − 3χ ⊥ 2 ImD xx . Since n is the staggered field, q = 0 corresponds to (π, π) in neutron scattering.
We use the simplest parametrization for the d-wave SC gap
In the present work we do not calculate ∆ SC , instead we take reasonable values of ∆ SC based on known critical temperatures. The zero temperature polarization operator reads [21] Π(ω, q) = 2πλc
where q α = q · e α and u k and v k are Bogoliubov parameters:
The quasiparticle dispersion reads
where the chemical potential µ is defined by the condition x = 2 α=1,2
The momentum integrations are always performed over two circles of radius Λ centred at the pockets.
Eqs. (1) and (6) assume that the holon quasiparticle residue is momentum independent. In reality there is some momentum dependence. Using results of Ref. [20] we fit the dependence as z k = 1 − 0.3ǫ k /J (if this Eq. gives a negative value then z k = 0). The factor z k is different from unity only away from the centre of the pocket. To account for the z-factor the integrand in Eq.(6) is multiplied by z k z k+q . The z-factor account is not important qualitatively. It is insignificant at small x and it gives some correction at x = 0.16.
Results, x = 0.16, λ = 1.3. Here we compare with data [22] for La 2−x Sr x CuO 4 . To describe the data we take λ = 1.3 that corresponds to the SL phase, but not very far from the transition line λ c (x) to the Spin Spiral phase, see Fig.1a . From data [22] we conclude that the SL gap is ∆ ≈ 45meV ≈ 0.35J. This value is consistent with the theoritical one from Fig.1b . The spectral function at q = 0 is especially simple, S(ω, q = 0) = πδ(ω 2 − ∆ 2 ). At T = 0 in a sample without disorder we do not see a mechanism for broadening. The narrow line indicates that spin of magnon is S = 1. Of course impurities and temperature give rise to a broadening. In our analysis we artificially broaden the line by replacing i0 → 0.1iωJ in Eq.(4). This is illustrated in Fig.2a . Independently on the broadening the ω-integrated spectral weight is fixed,
. This is the major prediction of our theory. The spectral weight is the same as that in the parent undoped compound measured at q = ∆/c 0 .
The prediction can be directly tested in neutron scattering experiments. The lower part of the dispersion arises at q = 0 due to the interaction with holons. At q = 0 the spectral weight is redistributed and lines become broad as illustrated in Fig.2b , where we present q x -scans for three different values of ω. The value of the SC gap in this calculation is ∆ SC = 0.2J. In Fig.2c we present the same scans for the normal state. We describe the normal state setting ∆ SC = 0. Other effects of temperature are negligible. Consistent with data, in the normal state the lower part of HG goes away, the spectral weight is significantly reduced and lines become very broad. The upper part is basically unchanged, while the spectral weight is somewhat enhanced compared to that in the SC state. The HG dispersion deduced from the calculated q-scans in the SC state is plotted in Fig.2d . We note that while the SL gap ∆ in Fig. 1b is calculated in the normal phase, we checked that in the SC phase the SL gap remains practically unchanged.
Sometimes experimental HG dispersion is plotted with a hollow "neck", see Fig.3c in Ref. [22] . We suppose that the hollow neck does not exist, but we understand how it can mistakenly arise in the analysis of experimental data. Fig.2b demonstrates pairs of narrow peaks for scans above and below the HG neck and a broad peak at the neck ω = ∆ = 0.35J. An assumption that the broad peak consists of two narrow peaks leads to the hollow neck. However, we believe this is wrong, in the theory we see that the neck of the HG is intrinsically broad.
Completing the analysis in Fig.3 we present maps of fixed energy q-scans of S(ω, q) for the SC and for the normal state. The top panel in Fig.3 should be compared spins [7, 8] . Therefore, in the phase diagram Fig.1a the compounds are located in the Spin Spiral phase close to the transition line. In order to analyse this case and to avoid technical complications related to the static component we choose the value of λ exactly on the critical line λ c (x). For x = 0.06 the SC gap is very small and it does not influence magnetic spectra. The SL gap according to Fig.1b is ∆ ≈ 0.16J ≈ 20meV . This is consistent with data [6] . Of course this value can slightly vary from compound to compound. In Fig.4 we present maps of fixed energy q-scans of S(ω, q). Unlike in the SC x = 0.16 case the lower part of the HG is barely seen except of the very bright peaks at ω = 0.02J indicating an emergence of the static spin spiral. In Fig.5a we present the theoretical HG dispersion extracted from Fig.4 .
Results, x = 0.095, λ = 0.8. The "wine-glass" dispersion has been observed in underdoped, x = 0.095, HgBa 2 CuO 4+δ [9] . We demonstrate that the "wine glass" arises in compounds with lower magnetic criticality, λ < 1, see Fig.1a . To do so we perform calculations with x = 0.095 and λ = 0.8. Other parameters, the SC gap, ∆ SC = 0.2J, and the SL gap ∆ ≈ 0.35J ≈ 45meV we take the same as that for x = 0.16 La 2−x Sr x CuO 4 . In Fig. 6 we present maps of fixed energy q-scans of S(ω, q) in the SC state. The lower part of the HG has practically disappeared, only a "stem" of the "wine glass" is left. The weak remaining features below the SL gap at Fig.3 . This is the "wine glass" magnetic dispersion.
ω/J = 0.2 are practically indistinguishable after taking into account the finite momentum resolution of the experiment (δq ≈ 0.05 r.l.u.) and additional mechanisms for the line broadening (impurities, etc) not accounted in the present analysis.
Mechanism. The HG dispersion is a combined effect of Lifshitz magnetic criticality and superconductivity. To explain this we plot real and imaginary parts of the denominator of the magnetic Green's function D −1 , Eq.(4), for parameters corresponding to 16% doped La 2−x Sr x CuO 4 , see panels b and c of Fig.5 . At zero frequency Im{D −1 } = 0 and Re{D −1 } < 0 both in the normal and in the SC state. The behaviour at ω = 0.2J is different. In the normal state due to proximity to magnetic criticality Re{D −1 } crosses zero at two red points, Fig.5b . However, Im{D −1 } is very large and hence the criticality results only in a broad "background" in Fig.2c . In the SC state the real part of the polarization operator is enhanced due to the density of holon states. Hence Re{D −1 } crosses zero (becomes "critical") in two red points, Fig.5c . The imaginary part, Im{D −1 } at the second crossing is large, hence the crossing gives only a broad "background". However, Im{D −1 } is small in the first crossing and it gives a spike in Fig.2b .
The lower part of HG dispersion is related to the size of the Fermi pocket and it shrinks at x → 0. The symmetry of the lower part of the HG, q → −q, directly indicates that the holon pocket is symmetric around (π/2, π/2) [23] . One can say that the lower part of the HG is a "tomographic" image of the holon Fermi pocket.
Conclusions. We show that the hour-glass magnetic dispersion in underdoped cuprates is due to an interplay of the Lifshitz-type magnetic criticality and superconductivity. We explain data and provide a unified picture of the evolution of magnetic excitations in various cuprate families, including "hour-glass", "wine glass" dispersions and the static incommensurate order. Finally, we propose a neutron scattering experiment that can corroborate the developed theory and hence pin down the nature of the spin liquid in underdoped cuprates.
